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We consider the differential game of the encounter of "isotropic rockets” [1].
Its solution, under the condition of complete informativeness of the players, has
been constructed in [2], We investigate the question of the minimal information
needed by the players to realize a saddle situation, The statement of similar
game problems with incomplete information has been given in [3],

1. Let the motion of players X and Y on a fixed time interval [0, T], T >0
be specified by the relations

Xiz)" =z, x"=u, ju(<t, Yiy=v, jv|<1
2(0)=z° £,0)=x"% yO0)=y° (1.1)
Here x;, Zs, u, Yy, v are vectors of arbitrary like dimension ., Player X has the follow-

ing information available to him. At each instant ¢ < [0, Tl he knows the exact value
of the natural phase coordinate vectors &; (t), z; (f). Player X observes the opponent's
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phase vector y (¢) at NV inmstants a;, i= 1, ..., N, 0 = q, <. . .S ay = T.
The observation instants @; are taken to be fixed, Thus, at the instant ¢ &= |0, T
player X knows the set of quantities {¢,z; (£), % (), y (t' (£))}, where ¢’ (f) is the
last observation instant

() =a, t&lay amy), i=1,. . ,N—1 (1.2)

We assume that the player X forms a control vector at the instant £, using the avail-
able information, i, e, applies a strategy in the form of the function

wltl = u(t, 2, (8), = (9, y @), | u lt]|<< 1, t = 10, T

The aim of player X is to minimize the functional
J= |z (T) —y (D] (1.3)

Player Y opposes X's intention and realizes his own (admissible) control in the form
of an integrable time function v (), | » ()| << 1, ¢ & [0, TI. The absolutely con-
tinuous functions & (), z, (¢), y (), z, (0) = z,°, o (0)=2°, y (0) = y°, which
satisfy the equations

V)=o) 2 () = 2@, %' () =ult 2 @), @),y Q@)
ailmost everywhere on [, 7'}, are said to be the solution of system  (1.1), correspond~
ing to conuol 3, sttategy u and the initial vectors in (1,1), Those strategies which de~
termine a unique solution of system (1,1) for given initial vectors and an admissible
control v (¢} are taken as the admissible strategies of player X ,

Problem 1, Find the optimal minimax strategy y* of player X, i, e, the strategy
satisfying the relation
J* = min, sup, J {u, v] = sup, J [u*, v} (1.4)
Find the minimal value J* of functional (1, 3) guaranteed for player X ,

Here J lu, vl is the value of functional (1. 3) on the solution of system (1,1), deter-
mined by strategy & and control ». The dependence of J [u, vl on the initial vectors
is not explicitly indicated, The “min" and “sup” operations are carried out over the sets
of admissible strategies and conirols, We note that under more general constraints on the
conttol vectors [ u | << M, [ 2] <<V, B,v >0 , the game being considered can be
reduced to the torm (1.1), (1. 3) by the substitution

Ty TV Py Ty TV, U UW, Y YVE
v—uvv, t—tv/ip, J—JIV:/u

2. The equation of motion {(1.1) can be reduced to the form
Xia' = (T —tu, Juj<t, Yy =v, [o]<t
z(0) =2 =2°+ T, y(O)=y¢° 2.1)

A

by means of the variable () = z; (¢) + (' — ¢) 7, (£). To solve Problem 1 using
Egs, (2.1) we assume that player X, by observing tne quantities {f, z (¢), ¥ (' (£))}
at the instant ¢ & [0, T'],realizes a strategy in the form of the function ult] = u (¢,
z (#), y(t'(2))). The solution of system (2.1) and the admissible strategies are defined
analogously as in Sect, 1. In general, the class of admissible strategies is narrower than
the class described in Sect, 1 because the dependency of the sirategies on the vectors

Z, (t), 7, (¢) has been replaced by a dependency on their linear combination z (f) ==
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Z; (t) + (T — #)z, (¢). However, from what follows we shall see that the extremum
(1.4) is achieved on a strategy w* from this narrow class,
Having noted that z (T) = x; (T), we rewrite functional (1. 3) as

J=lz(T) —y(D)| (2.2)

We introduce the notation z; = x (ax), ¥y = ¥ (a@r), ¥ = 1, . .., N. The choice
of a certain strategy by player X is equivalent to choosing the collection of functions
Up (Tr, Y3 t), t E lag, ak), k =1, ..., N — 1, or, in other words, is equivalent
to this that at the instant @yplayer X , depending on the position {zj, yr} realized,
specifies beforehand his own control on the interval [@y, @r+1) in the form of an integ-
rable function of time, We denote the collection mentioned by {uy, (Zx, ¥&; £)} and
also call it a strategy, We integrate on the intervals [a,, ayx,;] certain admissible con-
trol and admissible strategy implicit in (2,1)

Tirr = Ty + (@ — @) [T — a — Vo (@1 — @)l g, |8 | <A
Y1 = Yy -+ (@1 — @) Vg lvkl<11 k=1,..,N—1 (2.3)
z, = 2°, h=y

The vectors v and Uy = Uy (zp, Y») are determined by the equalities

g+l
v = (an —a)t § v(nyds,
4k
k41
ty (T Ui) = (ahen — a0t § (T — 0w (@i, gy 1) de
a
asz—ak—lfz(ak+1—a:), k=1,...,N—-1

On the other hand, for every sequence of vy, u, = Up (TrsYr), | vn | <1, Jur| < 1,
we can find a player Y ' control and a player Xs strategy realizing in (2,1) the same
values of vectors zp, yp, K = 1,..., NV as in(2,.3). We cite an example of such a
control and strategy

v(t) = vy, Uy (Ty, Yis 8) = U (T4, Yy) L E Ly, Qi) (2.4)
Instead of the differential game (2.1),(2.2) with inclomplete information we consider
the multistage game (2. 3) in which player X applies strategies u, = Uy (Zn, ¥r),
k=1,... N —1, and minimizes the functional

J=|zy — ynl (2.5)

1f {us* (zx, Yn)} is the optimal minimax strategy in game (2. 3), (2. 5), then the stra-
tegy (2. 4) corresponding to it is the optimal minimax strategy in the game (2.1),(2.2),
i, e, in correspondence with the remark made, is a solution of Problem 1,

To solve game (2. 3), (2. 5) we define Bellman's function by the relation

N-1"?
Sn (Zn, Yn) = |Tn — Yn | (2.6)
Function (2. 6) equals the minimum value of functional (2. 5) which can be guaranteed

on the trajectories of system (2, 3) under the condition that the position {xh, yh} is
realized at the kth stage. From (2, 6) follows the recurrence relation

STy, Yp) = minuk max, ... min,, , max, J, k=1,..,N—1
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Sy (@ Yi) = minuk makaslﬁh (Ths1s Yre1) 2.7y

lwl<t, o l<t, k=1, N1

with the boundary condition
Sy (zn, yn) = |2v — yn | (2.8)

The vectors Zy,q, ¥y,1 i (2, 7) should be taken in the form (2, 3). By starting from the
boundary conditions (2. 8) and by computing in successive stages the extremum in (2.7),
we can find the unique function satisfying (2, 7), (2. 8)

Sy (zy ¥) = max [Dy (ay, . . ., ay), ,xk“yk[—l—(T——ak)O_T;a" )]

(Dk(a’ki"-:a]\]): max [T—""a,i‘-—l/z(T—ai+l)2]1 kr—'l,...,N-—*—'l
E<i<N~1

The optimal minimax strategy obtained during the computation of the minimum in
(2.7) is:
u* (T Y) = (Y —'xk)/lxh - ykl? ka‘—yk|>(ak+1— Q) Gy
we* (T Yi) = W — Tu) / (ka1 — @) H [z, — ¥ | <(@rn — @) Xk

0, =T — ay — Y3 (@1 — G)s k=1,...,.N—1 (2.9)

Then, the strategy {u,* (xn, yYx;t)}, obtained substituting (2. 9) into (2, 4), is a solu-~
tion, generally nonunique, of Problem 1, Another solution of Problem 1 in the original
notation has the form ,
wr =) —z@/ ez @O —yE)), zOFyE
ut* =0, z@=y), z()=uz)+ (T~ (2.10)
It is not difficult to verify that the two solutions of Problem 1 indicated realize in(2.1)
one and the same sequence of values z, = z (ax), k =1, ..., N, The minimal guar-
anteed value (1.4) of functional (1, 3) (or equivalently’, functionals (2, 2), (2. 5) ) is
J¥ =8, (&% ¥°) = max [D, (ay, ..., an), |2° —y°|+ T (1 —T/2)]
Dy(ay, ..., an) = max [T — a; — Y, (T — a;11)?] 211
1<iKN—1
8. Above, the observation points a; were taken as fixed, Let us now pose the problem
of the optimal distribution of observation instants, i, e, such at which the minimum value
of functional (2,11), guaranteed for player X,is minimal, From (2,11) we see that the
optimal distribution a;* should be sought from the condition
@* = min D, (ay, ..., an) (3.1)
{a:}

O=a,<a,<...<<an=T

From the lemma stated in Sect, 5 it follows that the minimum in (3.1) exists and is

achieved on a set of a;*, i = 1, . . ., NV, such that
T —a* — Y, (T — afn )2 =2y (T) = D%, i=1,.. N1
0=a*<a*<...lay*=T (3.2)

Here Ay (7) > 0 is an as yet unknown constant depending on the problem parameters
N and T. Eliminating the a;* from equalities (3, 2) we can obtain that Ay (T) equals
the only positive root of the equation
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Brn(B)==E(E(E...BE+ 12+ 12+ ... +1)2+1)=T/2, £>0,(N—2brackets)

By (hn(T) =T/ 2 (3.3)
The optimal observation instants are computed by the formulas
a* =T — By (by(T)), i=1,...N (3.4)

where B, () are polynomials of degree 2572 (k<= 1)
Be(B)=EEE...EE+12+12+ ... +12+1), k=23, ...(k—2 brackets)

Bi®)=10, Bra(®)=B>2@®) +E& r=t2... (3.5)
The relations
Bisa (8) > Bx(B),  £>0, k=1,2,...
1imB,(E) =B = Vo (1 — V1 —148), koo, 0KESH (3.6)

lim B, (§) = o0, k—oo, £>s

are an immediate consequence of (3, 5).
Observations at the instants (3, 4) guarantee player X the functional value

J* = max [2an(T), |2° —°| + T (1 — T/ 2)] (3.7)

Let us study the asymptotic hehavior of Ay ( T) as N — oo, From the monotony of
polynomials f, () with respect to the index k& in (8, 6) follows the monotonic decrease

by (T)<bhy(T), hn(I)>0, T>0, N=23,...

and further the existence of the finite limit lim Ay (T) =h (T) as N — oo, The

functions Ay (7), T > 0 and 2By (), £ >0, N = 2, 3, ... ., are mutually
inverse, therefore, from (3.6) we can obtain
Ah(I)=1Y,T(1 —T12), 0< Tt (3.8)

h(Ty =1,  T>1

Thus, by choosing a sufficiently large number of observation points player X can
guarantee a functional value arbitrarily close to

J*:max[2k(T),|x°-y°]+T(1—T/2)], r>0

J¥ =2 —y° |+ T U —T/2), 0<< T'< 1 (3.9)

o [ @ =¥ IS —TA=T/2)
=+ T —=T/2), |2 =y | > Y, T —T/2), T>1

The value (3, 9) is the minimum guaranteed value of the functional under continuous
observation (see [2]). From the initial positions for which we succeed, by choosing V ,
in obtaining in (3, 7) a value of 2hy (I') not exceeding the right~hand expression within
the brackets, we can guarantee the exact value (3, 9) by an observation only at a finite
number of points, This can be achieved from the position {z°, y°}

|2 — | >20(T) — T —T/12), T>0 (3.10)

The minimum number N (z°, ¥°) of observation points, sufficient to achieve result
(3. 9) from positions (3.10), equals the minimum integer N satisfying the inequality
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Gy (T < |2° —y° |+ T —T1/2)

The assertions made follow from (3.7) and from the monotonic tending of hy (7T) to
h (T). From the remaining positions

|2 —p° | <20 (T) =T (1 —T/2) (3.11)

it is impossible to guarantee the value (3, 9) by observation at a finite number of points,
Here observations are necessary on a countable set of points, whose construction will be
presented below,

We define the limit set of observation points Ay < [0, Tl Ar={a}, a; =T —
C:, by the relations

¢ = lim 2By_ia (Bn (T) = 2(.. (T /2~ R(T)s... — h(T))* (i — 1 bracket)
N i=1,2,...
¢ = lim 28isy (on (7)) = 2Bin (B(T)),  i1=0,1,2,... (3.12)
Nwsoo

The first relation in {3,12) is obtained by using properties (3, 5) of the polynomials
"B (E). As we see from (3. 12), the point 2:°, 1 >0, is the limit to which the i th
optimal observation point (3, 4) tends as V —» oo; the point @;°, i << 0, is the limit
to which the ith, counting from the last observation point @,° = ', optimal observa-
tion point tends, Passing to the limit in equalities (3,2) as N ~» oo, we obtain the
. . o
recurrence relations for the points @; (3.13)

a’ =0, a°=T; T—a’—"(T —atu)?=2k(T), 1 =0, £1, 42, ...

Let us study the condensation points of set Ar. At first let 0 << T <C 1. From (3.12)
and (3, 8) it follows that ¢;,°=T,i.,e, a,°=0,1 = 1, 2, ... . Using (3.12),(3.86),
(3.8) we find lime ;= 28k (T) =T, 0LT<1, i— + oo,i.e, theset A
has a single condensation point @,° = 0. The penultimate observation point is the
point a_,° (3.14)

o’ =T —c =T —=20R(T) =T —-T1 —T/2)=1%/2

We consider the case T > 1. Passing to the limit in(8,18) as i — -+ oo, we

obtain lim ¢;° = lim a_;° = «, i = -+ oo, and the equation for «

T —oa — 1y (T —a)? =Y,

from which the unique value o = I — 1 is determined, Consequently, the single
condensation point of set A7, T >>1 is the point I — 1. The second and the pen-
ultimate observation instants @z° and a,1° are determined from (3.12)

@ =T—c=T—V2T—1, a4 =T—c=T—1, (319)
It can be shown that a strategy of form (2.10), where

() =a’, t&la’, adn),  i=41, 42

defines the unique solution of system (1,1) and guarantees the value (8, 9) of the func~
tional for any initial position and any admissible control » (¢).

The set A < {0, T of instants is called a sufficient set of observation instants for
the position {z° y°} if the observations of player X onset A guarantee the resuits
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of the game with continuous observation, i, e, the value (3. 9) of the functional. It was
shown above that for positions (3,10) there exists a minimal sufficient set A = {a,*,
az*, ..., an*}, where the number V of observation points was determined as a tunce
tion of the position, For example, the set 4 r of (3.12) is a sufficient set for positions
(3.11), Here the set 4 1 is not a unique sufficient set, Among other sufficient sets with
a countable number of observation points the set A ¢ is distinguished by the fact that
every two observation instants following one after the other are separeted by the maxi-
mum distance, We remark also that in another arbitrary sufficient set of observation
instants the points ¢ = T — 1, T >1, t=0, 0< T<C 1 are condensation
points,

From the structure of set A 7 it follows that observations on the initial stage of the
motion are most important for 0 <C I’ < 1, while the observations on the last segment
of the motion of duration 7' (1 — 7/,) can be completely omirted (see (3,14)), A
finite number of observation points remain outside any arbitrary small interval [(, ¢,
€ >0, For T > 1 the point T — 1 serves as a condensation point of set 4 7, there~
fore, the observations carried out at one unit of time to the end of the motion, are most
important, A finite number of observation points are distributed outside any arbitrarily
small interval [T — 1 — &, T — 1 -+ ¢l, € ™> Q. Further, observations can be
omitted on the initial segment of motion of duration T — }/27 — 1 and on the last
segment of duration 1/, (see (3,15)),

In order to clarify the reason of distinction of the instant { = I' — 1 from the re-
maining instants, we consider game (1, 1), (1. 3) under the more general constraints;:
| <, | v| < v.From the remarks at the end of Sect, 1 it follows that the point
t = T — v [ p is then the point of condensation of set Ay, T >> v / u, The ratio
v / p determines the length of the interval on the last segment of motion during which
the active encounter of player X with player Y is hampered because of the inertialess
behavior of the latter, Therefore, the observations carried out before the weakly control-
lable segment of motion are important for player X,

4, Let us show that by observation at no more than three instants the player Y in
game (1,1),(1. 3) can guarantee the maximum value of functional (1. 3), equal to (3.9).
This, in particular, justifies the contraction of the class of admissible strategies of player
X, carried out in Sect, 2, In(1,1) let player Y observe the position {¢, z, (f), 2 (¢),
y (£)} at the three instants ( = a, << ay <C ay = T and let him strive to maximize
the functional (1. 3). The admissible control of player X, the admissible strategy of
player Y and the solution of system (1.1) we define analogously as in Sect, 1,

Problem 4. Find the optimal maximin strategy v, of player ¥, i, e, the strategy
satisfying the relation

Jx = max, inf, J [u, 2] = inf, J [u, v,] (4.1)
Find the maximum value J4 of functional (1.3) guaranteed for player Y,

As above, Problem 4 can be reduced to an equivalent multistage game of form (2. 3).
The Bellman function for this multistage game satisfies the relation of type (2.7) in
which the order of the minimum and maximum operations is changed, Having solved
the similar relation, we can obtain an expression for the guaranteed maximum (4, 1)

To = max[0, (T —a)[t —L5%), |7~y |+T(t—F|] “D
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and the strategy guaranteeing this value (in terms of the original problem)

=) —y@/jz@® -y @], =E)Fy@®
n=elel=1z)=y @), z2(0) =z () + (T — )z @)

The instant ¢ (£) has been defined in(1.2) with N = 3. We see that having set

a, =a, =0for 0<< T <1 andagy, =171 — 1 for T > 1 in(4.2), we obtain
the very same value (3, 9) for J * Thus, in order that a saddle sitnation would take
place in game (1.1), (1. 3), it is necessary and sufficient for player Y to make observa=~
tions at two (0 << T <C 1) or at three (7" > 1) points; it is sufficient for player X
to make observations at a finite or countable set of points, constructed in Sect, 3, In
those cases when it suffices for player X to observe at a finite number of points, the
question of the minimum information needed for realizing the saddle situation, can be
discussed,

8., Lemma, Leta function g (z, y) be continuous in the closed square g << Z,
y << b and differentiable in the open square @ << z, y << b, and let

dg/éx<< 0, dgloy >0, a<z y<b (0.1)
let z = (z, ..., 2,) be an n-dimensional vector, n > 2 and let z & @G signify
that: z, = a, 2, = b, a <L z; << b, i=2,..., n —1. Then,the minimum

h=min®D(z), D(z)= max g (2 Zi+1)
26

i<isn—1
is achieved at a single point 2* = ¢ such that
h’:g(zi*i Z:":_l), i:11-~-y n'—11 a221*<22*<-.‘<zn*:b (5.2)

Let us sketch the proof, The desired minimum is achieved since the set G is closed
and the function Q (z) is continuous on it, If we assume that equality (5, 2) is not ful-
filled, then, by using (5.1), we can construct a variation §z of vector z¥%,2* + 824G,
such that @ (z* - 82z) < @ (z*). Finally, the uniqueness and the strict monotonic
growth of the coordinate vector z* can be proved by taking equalities (5, 2) as the equa~
tions for determining the successive coordinate z;,l when the preceding one z;* is
known,
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